Abstract. The main result of this paper is to construct the derivative twisted p-adic (h, q)-L-functions at s = 0. We obtain twisted version of Theorem 4 in [17] . We also obtain twisted (h, q)-extension of Proposition 1 in [3] .
Introduction, definitions and notations
Throughout this paper, p will denote a prime number. Z, Z p , Q p and C p will denote by the ring of rational integers, the ring of p-adic integers, the field of p-adic rational numbers and the completion of the algebraic closure of Q p , respectively. Let v p be the normalized exponential valuation of C p with
When one talks of q-extension, q is variously considered as an indeterminate, a complex number q ∈ C, or p-adic number q ∈ C p . If q ∈ C p , then we normally assume | 1 − q | p < p − 1 p−1 , so that q x = exp(x log q) for | x | p ≤ 1. If q ∈ C, then we normally assume| q |< 1 (see [5] , [33] , [9] , [11] ).
Kubota and Leopoldt proved the existence of meromorphic functions, which is defined over the p-adic number field as follows
where L(s, χ) is the Dirichlet L-function cf. ( [22] , [3] , [1] , [5] , [20] , [7] ). L p (s, χ) function interpolates generalized Bernoulli numbers B n,χ at nonpositive integers as follows [22] :
where B n,χ denotes the nth generalized Bernoulli numbers associate with the primitive Dirichlet character χ, and χ n = χw −n , where w is the Teichmüller character. w is the unique Z p -valued character of conductor p such that w(a) ≡ a(mod pZ p ) for all a ∈ Z cf. [3] .
Ferrero and Greenberg [3] found the formula for the derivative of the p-adic L-function at s = 0. They also gave some fundamental properties of the p-adic L-function. Proofs of the existence and fundamental properties of the p-adic L-function are given in cf. ( [22] , [5] ) and also in cf. ([3] , [1] , [21] , [20] , [33] , [7] , [8] , [34] ).
Let T p = ∪ n≥1 C p n = lim n→∞ C p n , where C p n = ξ | ξ p n = 1 is the cyclic group of order p n . For ξ ∈ T p , we denote by φ ξ : Z p → C p the locally constant function x → ξ x , cf. ( [6] , [19] ). The integer p * is defined by p * = p if p > 2 and p * = 4 if p = 2 cf. ( [7] , [34] ). Twisted two-variable (h, q)-L-function is defined by [30] :
The main result of this paper is to find the derivative of L
We obtain twisted version of Theorem 4 in [17] . We also obtain twisted (h, q)-extension of Proposition 1 in [3] . Our main theorem is given as follows: Theorem 2. Let χ be the primitive Dirichlet character, and let F be a positive integral multiple of
In [23] , Shiratani and Yamamoto constructed a p-adic interpolation G p (s, u) of the Frobenius-Euler numbers H n (u) and as its application, they obtained an explicit formula for L p (0, χ) with any Dirichlet character χ. In [7] 
, which is generalized Leopoldt-Kubota p-adic L-function and Proposition 1 in [3] . This function interpolates the generalized new (h, q)-generalized Bernoulli polynomials cf. [15] .
The p-adic q-integral (or q-Volkenborn integral) are originately constructed by Kim [9] . Kim indicated a connection between the q-Volkenborn integral and non-Archimedean combinatorial analysis. The q-Volkenborn integral is used in mathematical physics for example the functional equation of the qzeta function, the q-Stirling numbers, and q-Mahler theory of integration with respect to a ring Z p together with Iwasawa' 
where
, [10] , [11] , [12] , [13] , [14] , [31] , [32] ). For a fixed positive integer f with (p, f ) = 1, we set
where a ∈ Z satisfies the condition 0
,(for details see [9] , [10] , [13] ). In [6] , Kim defined analogue of Bernoulli numbers, which is called twisted Bernoulli numbers in this paper. He gave relation between these numbers and Frobenious-Euler numbers. Kim, Jang, Rim and Pak [19] defined twisted qBernoulli numbers by using p-adic invariant integrals on Z p . They gave twisted q-zeta function and q-L-series which interpolate twisted q-Bernoulli numbers. By using the q-Volkenborn integral on Z p , we [28] , [30] constructed new generating functions of the twisted (h, q)-Bernoulli polynomials and numbers. By applying the Mellin transformation to the generating functions, we constructed integral representation of the twisted (h, q)-Hurwitz function and twisted (h, q)-two-variable L-function. By using these functions, we [29] [17] . This function interpolates the twisted (h, q)-generalized Bernoulli polynomials and numbers. In [26] , we constructed generating functions of q-generalized Euler numbers and polynomials. The author also constructed a complex analytic twisted l-series, which is interpolated twisted q-Euler numbers at non-positive integers. In [27] , by using generating functions of the q-Benoulli numbers and Mellin transform, we constructed q-L-functions, two-variable q-L-functions and q-Dedekind type sums. We alse gave some new relations related to q-Dedekind type sums and q-L-functions.
By using q-Volkenborn integration, we [28] 
constructed generating function of the twisted (h, q)-extension of Bernoulli numbers, B (h)
n,ξ (q) and polynomials, B (h) n,ξ (z, q) by means of the following generating functions
We note that since F
this generating function was defined by Kim [15] . If ξ → 1 and q → 1, then F ξ,q (t) → F (t) = t e t −1 and B n,ξ (q) → B n are the usual Bernoulli numbers (see [5] , [20] , [33] , [9] , [10] , [11] , [12] , [13] , [32] ). The generalized twisted new (h, q)-extension of Bernoulli polynomials B (h) n,χ,ξ (z, q) are defined by means of the generating function ( [28] , [30] )
are the twisted Bernoulli numbers (see [28] ). If w → 1 and q → 1, then B n,χ,ξ (q) → B n,χ are the usual generalized Bernoulli numbers, and B n,χ,ξ (z, q) → B n,χ (z) are the usual generalized Bernoulli polynomials (see [5] , [22] , [33] , [20] , [21] , [4] , [1] , [2] , [6] , [12] , [13] , [15] , [16] , [18] , [19] , [17] , [25] , [26] , [24] , [32] ).
(h, q)-partial zeta function and the derivative of L
The aim of this section is to evaluate
Therefore, we need the following definitions and theorems. Twisted (h, q)-extension of Hurwitz zeta function, ζ
, [30] ). [17] ). If q → 1 and h = 1, (1) is reduced to twisted two-variable L-function:
Theorem 3. ([29], [30]) Let χ be a Dirichlet character of conductor
Substituting z = 1 in the above, we have the twisted L-functions
where r ∈ Z + , set of positive integers, χ is a Dirichlet character of conductor f ∈ Z + , and let ξ r = 1, ξ = 1 [21] . Since the function n → χ(n)ξ n has period f r, this is a special case of the Dirichlet L-functions. Koblitz [21] and the author gave relation between L(s, χ, ξ) and twisted Bernoulli numbers, B n,χ,ξ at nonpositive integers(see [20] , [21] , [25] , [24] ). In [18] , Kim and Rim constructed twovariable L-function, L(s, x | χ). They showed that this function interpolates the generalized Bernoulli polynomials associated with χ. By the Mellin transforms, they gave the complex integral representation for the two-variable Dirichlet L-function. They also found some properties of the two-variable Dirichlet Lfunction. In [31] , Simsek, D. Kim and Rim defined q-analogue two-variable L-function.
Let s be a complex variable, a and f ∈ Z + with 0 < a < f . Twisted (h, q)-partial zeta function is defined by [29] :
Relation between H (h)
ξ,q (s, a : f ) and ζ
Observe that, the function H (h)
ξ,q (s, a : f ) is meromorphic function for s ∈ C with simple pole at s = 1, having residue
ξ,q (s, a : f ) interpolates generalized twisted (h, q)-Bernoulli polynomials at non-positive integer.
Corollary 6. ([29])
Let n ∈ Z + . We have
By using (8) and (4), after some elementary calculations, we arrive at the following theorem.
We modify the twisted (h, q)-extension of the partial zeta function as follows:
Observe that if ξ = 1, then H
q (s, a : f ) cf. (for detail see [17] ).
Theorem 9. ([29])
Let s ∈ C and let χ (χ = 1) be a Dirichlet character of
Twisted (h, q)-partial Hurwitz zeta function is defined by [29] .
Thus, by the above equation, we obtain
By (10), we have the following relation: Let s be a complex variable, a and f be integers with 0 < a < f , x ∈ R with 0 < x < 1, we have
By the above equation, L (h)
ξ,q (s, x, χ) is an analytic for x ∈ R with 0 < x < 1 and s ∈ C except s = 1.
(for detail see [17] ).
Here we can use some notations, which are due to Kim [17] . Let w be the Teichmüller character, having conductor f w = p * . For an arbitrary character χ, we define χ n = χw −n , where n ∈ Z, in the sense of the product of characters. In this section, if q ∈ C p , then we assume | 1 − q | p < p
. We note that a ≡ 1(mod p * Z p ). Thus, we easily see that
where t ∈ C p with | t | p ≤ 1, (a, p) = 1. The p-adic logarithm function, log p , is the unique function C x p → C p that satisfies the following conditions: i)
ii) log p (xy) = log p x + log p y, ∀x, y ∈ C x p , and iii) log p p = 0. Let
where a n,j ∈ C p , j = 0, 1, 2, . . ., be a sequence of power series, each of which converges in a fixed subset
of C p such that 1) a n,j → a n,0 as j → ∞, for ∀n, 2) for each s ∈ D and > 0, there exists n 0 = n 0 (s, ) such that | n≥n 0 a n,j s n | p < for ∀j. Then lim j→∞ A j (s) = A 0 (s) for all s ∈ D. This is used by Washington [33] and Kim [17] to show that each of the function w −s (a)a s and
where F is the multiple of p * and f = f χ , is analytic in D. We consider the
ξ,q (s, t, χ). These functions are the q-analogs of the p-adic interpolation functions for the generalized twisted Bernoulli polynomials attached to χ. Let F be a positive integral multiple of p * and f = f χ , and let
is analytic for s ∈ D. By definition of a + p * t , it is readily follows that
is a finite sum of products of these two functions, it must also be analytic for t ∈ C p with | t | p ≤ 1, whenever s ∈ D.
Theorem 11. ([29]) Let F be a positive integral multiple of p
* and f = f χ n , and let 
n . [3] , [5] , [20] , [21] , [23] , [33] ).
In [29] , we defined twisted (h, q) partial zeta function. By (10), we now define q-analogue of the partial p-adic twisted zeta function as follows: (14) H
where s ∈ D, s = 1, k ∈ Z with (a, p) = 1, and F is a multiple of p * , f = f χ cf ( [7] , [8] , [17] ). This function is a meromorphic for s ∈ D with a simple pole at s = 1. We now calculate residue of this functions at s = 1 as follows: (14), we have
By using the following formula
we obtain
Thus we arrive at the following theorem:
By (12) and (14) we construct the following twisted p-adic (h, q)-L-function as follows:
In [29] , we defined twisted H (h) ξ,q (s, x + a : F ) partial zeta function. By (10) and (13), the partial p-adic twisted zeta function is defined. Substituting a = b + tp * into (14), we obtain
Then by the similar method in the above, we define two variable twisted p-adic (h, q)-L-functions as follows:
Observe that H
where s ∈ D, except s = 1, and meromorphic for s ∈ D, with a simple pole at s = 1, when t ∈ C p with | t | p ≤ 1.
We now find
ξ,p,q (s, t, χ) at s = 0. By using Taylor expansion at s = 0, we also need the following relations cf. [ 
By the following definition
and w(a) is a root of unity for (a, p) = 1,
We obtain ,
, [3] , [17] , [20] , [21] ). We now define a twisted locally analytic function G for | x | p > 1. By substituting the above equation and (16) 
